Abstract. We solve the inhomogeneous Chebyshev's differential equation and apply this result to obtain a partial solution to the Hyers-Ulam stability problem for the Chebyshev's differential equation.
Introduction
Let X be a normed space over a scalar field K and let I ⊂ R be an open interval, where K denotes either R or C. Assume that a 0 , a 1 , ..., a n : I → K and g : I → X are given continuous functions, and that y : I → X is an n times continuously differentiable function satisfying the inequality a n (t) y (n) (t) + a n−1 (t) y (n−1) (t) + ··· + a 1 (t) y (t) + a 0 (t) y(t) + g(t) ε for all t ∈ I and for a given ε > 0. If there exists an n times continuously differentiable function y 0 : I → X satisfying a n (t) y (n) 0 (t) + a n−1 (t) y (n−1) 0 (t) + ··· + a 1 (t) y 0 (t) + a 0 (t) y 0 (t) + g(t) = 0 and y(t) − y 0 (t) K(ε) for any t ∈ I , where K(ε) is an expression of ε with lim ε→0 K(ε) = 0 , then we say that the above differential equation has the Hyers-Ulam stability. For more detailed definitions of the Hyers-Ulam stability, we refer the reader to [2, 3, 4, 5, 6, 18, 20] .
Alsina and Ger first investigated the Hyers-Ulam stability of differential equations (see [1] ): They proved that if a differentiable function f : I → R satisfies the inequality |y (t) − y(t)| ε , where I is an open subinterval of R, then there exists a solution f 0 : I → R of the differential equation y (t) = y(t) such that | f (t) − f 0 (t)| 3ε for any t ∈ I . Their result was generalized by Takahasi, Miura and Miyajima: Indeed, it was proved in [19] that the Hyers-Ulam stability holds true for the Banach space valued differential equation y (t) = λ y(t) (see also [14, 15] ).
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Moreover, Miura, Miyajima and Takahasi [16] investigated the Hyers-Ulam stability of n -th order linear differential equation with complex coefficients. They [17] also proved the Hyers-Ulam stability of linear differential equations of first order, y (t) + g(t)y(t) = 0, where g(t) is a continuous function.
Jung also proved the Hyers-Ulam stability of various linear differential equations of first order (ref. [7, 8, 9, 10] ). Moreover, he could successfully apply the power series method to the study of the Hyers-Ulam stability of Legendre's differential equation (see [11] ). Subsequently, the authors [13] investigated the Hyers-Ulam stability problem for Bessel's differential equation by applying the same method.
In §2 of this paper, by using the ideas from [11, 12, 13] , we investigate the general solution of the inhomogeneous Chebyshev's differential equation of the form
where n is a given positive integer. §3 will be devoted to a partial solution of the HyersUlam stability problem for the Chebyshev's differential equation (2) in a subclass of analytic functions.
Inhomogeneous Chebyshev's equation
A function is called a Chebyshev function if it satisfies the Chebyshev's differential equation
The Chebyshev's equation plays a great role in physics and engineering. In particular, this equation is most useful for treating the boundary value problems exhibiting certain symmetries.
In this section, we define c 0 = c 1 = 0 and for m 2,
where we refer to (1) for the a m 's. Here we have the convention ∏ m−2 j=m ( j 2 − n 2 ) = 1. We can easily check that c m 's satisfy the following
for any m ∈ {0, 1, 2,...} . 
, where each factor
(with j even) is either less than 1 if j n or is less than n 2 if j n . Therefore, the whole summand is less than |a 2i |(n 2 ) n/2 = |a 2i |n n because j can run through even integers at most from 2 to n . Hence 
Choose a positive integer j 1 > n such that
. This means that for any
and for j j 1 , since j 2, ρ 0 < ρ 1, and
Thus, if m is an even integer not less than 2 , then we have
n/2 and similarly if m is an odd integer not less than 3 , then we obtain
Hence, it follows from (5), (6), (7) and (8) that (1) and collecting like powers together, it follows from (3) and (4) that 
Partial solution to Hyers-Ulam stability problem
In this section, we will investigate a property of the Chebyshev's differential equation (2) concerning the Hyers-Ulam stability problem. That is, we will try to answer the question, whether there exists a Chebyshev function near any approximate Chebyshev function. 
